We investigate the hadronic reactions πN → ηN and πN → KΛ via single-energy partial-wave analyses in the c.m. energy range 1080 to 2100 MeV. Our results for the KΛ channel are consistent with prior works; however, for the ηN channel our results differ significantly from previous energydependent partial-wave analyses that violate the S-matrix unitarity. We present the first (new) results of ηN and KΛ partial-wave amplitudes constrained by a unitary energy-dependent model. We obtain excellent predictions of integrated cross sections for the two reactions from a global energy-dependent solution. Our results imply that the region just above S11(1535) has a major contribution from P11(1710) for π − p → ηn, whereas the large peak near 1700 MeV in π − p → K 0 Λ is dominated by contributions from both S11(1650) and P11(1710).
I. INTRODUCTION AND MOTIVATION
The importance of the hadronic reactions πN → ηN and πN → KΛ cannot be overstated. The huge amount of high-quality data on the electromagnetic processes γN → ηN and γN → KΛ from various facilities (ELSA, GRAAL, JLAB, LEPS, MAMI), when analyzed and interpreted by phenomenologists, will certainly lead to a clearer picture of the baryon resonance spectrum. The validity of resonance parameters thus extracted will not be substantiated without similar results from studies of the corresponding hadronic reactions. The study of πN → ηN and πN → KΛ complements the study of eta and kaon photoproduction.
Most previous partial-wave analyses (PWAs) of π − p → ηn 1,2 and π − p → K 0 Λ 3-6 were based on the assumption that partial-wave amplitudes could be represented by a simple sum of resonant and background terms. Such an assumption violates unitarity of the partial-wave Smatrix. In this work, we report on our investigation of the reactions π − p → ηn and π − p → K 0 Λ via singleenergy analyses. All available differential cross section, polarization, polarized cross section, and spin-rotation data within the energy limits of this analysis were fitted. In order to ensure that our amplitudes had a relatively smooth variation with energy, we introduced several constraints that will be described in detail below.
II. FORMALISM AND FITTING PROCEDURES
Here, we summarize the formalism for the singleenergy partial-wave analyses. The data were analyzed in small energy bins. Within each energy bin, each amplitude was approximated as a complex constant. The differential cross section dσ/dΩ and polarization P are given by
where λ =h/k, with k the magnitude of c.m. momentum of the incoming particle. In addition, the spin-rotation parameter is defined by
from which it follows that
From Eqs. 1 to 4 it is clear that the amplitudes f and g can be multiplied by an arbitrary phase factor without changing the corresponding observables. This feature is referred to as the over-all phase ambiguity. For π − p → ηn, the S 11 amplitudes below KΛ threshold were held fixed at the values taken from the GWU solution (SP06) 13 . This constraint also removed the over-all phase ambiguity for the ηn amplitudes below 1.6 GeV. At higher energies, the phase ambiguity for ηn amplitudes was resolved by requiring the G 17 amplitude to have the same phase as the G 17 elastic amplitude. For π − p → K 0 Λ, plots of |T | 2 vs. W were made for all the contributing partial waves. The plot for the S 11 amplitude ( Fig. 1) suggested a resonant behavior near 1.65 GeV where there is the well-established S 11 (1650) resonance. The over-all phase problem for KΛ amplitudes was thus resolved by rotating the amplitudes by a phase angle such that the rotated S 11 amplitude had a resonant phase consistent with our prior determinations of the S 11 (1650) mass and width.
Single-energy fits were performed separately for the two reactions π − p → ηn and π − p → K 0 Λ. In each 2068 ± 15 20 18 -11 5, 6 case the available data were analyzed in c.m. energy bins of width 30 MeV. This choice of bin width was appropriate because the data for smaller widths had unacceptably low statistics and for larger widths, some amplitudes varied too much to approximate them as constants over the energy spread of the bin. We began our single-energy analyses by fitting the data in the lowest energy bins using only S-and P -waves and then we added higher partial waves as needed with increasing bin energy. At low energies where only a few free parameters were needed to fit the data, our solutions are believed to be nearly unique within their uncertainties. We note that our πN → KΛ solution is in good agreement with that of the Bonn-Gatchina collaboration 14 for the lower partial waves S 11 , P 11 , P 13 , and D 15 . Since the Bonn-Gatchina amplitudes were obtained completely independently, this provides a measure of confidence in our solutions for the dominant lower partial waves. While we were able to obtain a good fit of the differential cross section and polarization data using only S-, P-, and Dwaves, we could not obtain a good fit of the spin-rotation data using only these waves. We initially tried adding a single higher partial wave, but still could not obtain a good fit. Next we tried adding various combinations of two higher partial waves, but this still did not result in a good fit. When we allowed F 15 , F 17 , G 17 , G 19 , and H 19 to vary, this finally resulted in a good fit to all available data. Although the combination of these waves was needed to obtain a good fit, the individual partial waves were small and not well determined.
In our initial fits, the single-energy solutions described the observables extremely well but with somewhat noisy amplitudes. These amplitudes were incorporated into a global multichannel energy-dependent fit that yielded energy-dependent amplitudes consistent with two-body S-matrix unitarity. Details of the multichannel analysis are presented in Ref. 15 . The initial energy-dependent amplitudes failed to reproduce the π − p → ηn and π − p → K 0 Λ observables satisfactorily so we iterated the singleenergy fits.
Initially, for KΛ, only the S 11 amplitude was fitted well with the energy-dependent fit so in the second round of single-energy fits, the S 11 amplitude was held fixed at the energy-dependent values while the other partialwave amplitudes were varied. The resulting constrained single-energy fits still gave a very good description of the observables so we used this solution in the subsequent global energy-dependent fits. This time around the P 11 amplitude was fitted well. In the next round of singleenergy fits, both the S 11 and P 11 amplitudes were held fixed at their energy-dependent values while the other amplitudes were varied.
Similarly, for the second iteration of the ηN analysis, the S 11 and P 11 amplitudes were held fixed at their respective energy-dependent values while the other amplitudes were varied. In the final iteration, the S 11 , P 11 and P 13 amplitudes were held fixed, while the other amplitudes were varied.
Our initial fits indicated that the D 13 amplitudes were small and not needed for either the KΛ or the ηN fits. Thus the D 13 amplitudes were not included in our final single-energy solutions. This is consistent with the prior work that shows the inelasticity in D 13 is saturated by ππN channels 16 .
III. RESULTS AND DISCUSSION
The final single-energy fits resulted in a fairly smooth set of partial-wave amplitudes within the energy range of our analysis. Tables III and IV list Figures 7 and 8 show our predictions for the integrated cross sections for the two inelastic reactions obtained using our energy-dependent amplitudes. In the threshold region for π − p → ηn, the different data do not agree well with each other but our prediction is in excellent agreement with the latest and more precise data by Prakhov 2005 7 . Figures 7 and 8 also show the individual contributions from the dominant partial waves. From this breakdown, it is clear that the S 11 amplitude (long dashed curve) dominates the peak region associated with the S 11 (1535) resonance. However, the contribution from S 11 is small in the vicinity of the S 11 (1650). The next important partial wave is P 11 with a peak around 1700 MeV as shown by the short dashed curve. The contributions from other partial waves are small. Also one can see a small cusp effect on the solid curve (KSU prediction) near 1620 MeV that indicates the opening of the KΛ channel. For π − p → K 0 Λ, the peak near 1700 MeV is described by almost equal contributions from the S 11 and P 11 partial waves, which suggests considerable KΛ coupling to the S 11 (1650) and P 11 (1710) resonances. The P 13 partial wave (dash-dotted curve) contributes to the small suggested peak near 1900 MeV. This feature is consistent with a prominent peak seen near 1900 MeV in the reaction γp → K + Λ 17 . The recent covariant isobar-model analysis by Mart and Kholili confirmed that this peak originates mainly from the P 13 (1900) resonance 18 . Early analyses of π − p → ηn were energy-dependent PWAs based on a simple assumption that the partialwave amplitudes could be parameterized as either the 1979 analysis by Baker et al. 2 , which included polarization data unlike the earlier analysis of Ref.
1 . Both analyses violated S-matrix unitarity. Our results for πN → ηN differ significantly from those of Baker et al.
2 . Firstly, partial waves above G 17 were not needed in the present analysis but that of Baker et al. included partial waves up to H 19 . Also the D 13 amplitude was found to be negligible over the entire energy range in the present work. Secondly, the S 11 wave was poorly determined by Baker et al., especially near the threshold region. This could be due to poor data but our prediction for the integrated cross section agrees satisfactorily with the precise and recent data from Prakhov et al. 7 . This re-enforces the reliability of the S 11 amplitude from our analysis. The other partial waves where we disagree with Baker et al. are P 13 and F 15 at low energies. For the P 11 amplitude, both Ref.
2 and the present work find significant contributions near 1700 MeV. The more recent 1995 analysis by Batanić et al. 19 used a three-channel unitary approach to obtain partial-wave amplitudes for πN → πN and πN → ηN , and to predict the same for ηN → ηN . There is a striking resemblance of the S 11 and P 11 amplitudes between our analysis and one of the solutions in Ref. 19 . For higher partial waves, the differences are more pronounced. Also the analysis of Batanić et al. required the D 13 and F 17 amplitudes, which were not needed in the present work. Our analysis does better in 2 , and Saxon et al. 5 used differential cross section, polarization and/or polarized cross section data, but no spin-rotation data. The 1983 analysis by Bell et al. 6 included differential cross section and polarization data from their previous analyses 4, 5 , plus spin-rotation data. Our results broadly agree with these previous analyses, especially that by Bell et al. 6 . Their S 11 amplitude has a similar behavior to ours except for an opposite overall sign. The main difference is F 15 is not required in Ref.
6 but is included in our work. The description of spin-rotation measurements by the present single-energy analysis is better in some cases than that by Bell et al. 6 and is as good as the recent work by the Bonn-Gatchina group 22 . Also the contributions we find for the leading partial waves (see Figs. 7, 8 ) agree very well with the analysis by the Bonn-Gatchina group. Our analysis however is in disagreement with that by the Giessen group 23 , which indicates that S 11 and P 13 are the main contributors to π − p → K 0 Λ rather than S 11 and P 11 . Our results for π − p → ηn are in better agreement with those of the Giessen group 24 in that we both find dominant contributions from S 11 and P 11 , although P 11 plays a stronger role in their analysis.
IV. SUMMARY AND CONCLUSIONS
We have extracted partial-wave amplitudes for πN → ηN and πN → KΛ from a constrained single-energy analysis from threshold to a c.m. energy of 2.1 GeV. The contributing partial waves for πN → ηN were found to be S 11 , P 11 , P 13 , D 15 , F 15 , and G 17 . For πN → KΛ, S-, P -, and D-waves alone were sufficient to describe the differential cross section and polarization data but additional small partial waves (F 15 , F 17 , G 17 , G 19 , and H 19 ) were necessary to obtain a good fit of the spin-rotation data.
In conclusion, we have investigated πN → ηN and πN → KΛ reactions through single-energy analyses constrained by a global unitary energy-dependent fit. Our results for πN → KΛ are mostly consistent with the analysis by Bell et al. 6 and with the Bonn-Gatchina analysis 22 . The inclusion of these amplitudes, in addition to πN , ππN , and γN into the global fit yields highly constrained information on resonance couplings. Also predictions of the integrated cross sections for π − p → ηn and π − p → K 0 Λ from the final global energy-dependent solution are in excellent agreement with the available data. 
